Abstract. We establish a criterion for when an abelian extension of infinite-dimensional Lie algebrasĝ = g ⊕ω a integrates to a corresponding Lie group extension
Introduction
Given a group G with a normal subgroup N , one can construct the quotient group H = G/N . The theory of group extensions addresses the converse problem. Starting with H and N , what different groups G can arise containing N as a normal subgroup such that H ∼ = G/N ? The problem can be formulated for infinite-dimensional Lie groups, but the situation is more delicate. Many familiar theorems break down and one must take into account topological obstructions. In particular, Lie's third theorem no longer holds and the question of integrability, i.e. whether a Lie algebra corresponds to a Lie group, becomes relevant.
The aim of this paper is to establish an integrability criterion for abelian extensions of infinite-dimensional Lie groups by generalizing a geometric construction for gauge groups, [5, 6, 7] . In sections 2 and 3 we review the basic definitions of infinite-dimensional Lie groups and their abelian extensions. Section 4 gives a detailed account of the construction which leads up to the integrability criterion.
Infinite-dimensional lie groups
We define infinite-dimensional Lie groups along the lines of [8] , which should be consulted for further details and for concrete examples. The first step is to define the concept of an infinite-dimensional smooth manifold. Here the bottom line is to replace R n (or C n ) by a more general model space on which a meaningful differential calculus can be developed.
Essentially all familiar constructions in finite dimensions then carry over to the infinitedimensional setting. We consider sequentially complete locally convex (s.c.l.c) topological vector spaces. These spaces have the property that every continuous path has a Riemann integral. We adopt the following notion of smoothness.
Definition. Let E, F be s.c.l.c. topological vector spaces over R (or C) and f : U → F a continuous map on an open subset U ⊆ E. Then f is said to be differentiable at x ∈ U if the directional derivative
exists for all v ∈ E. It is of class C 1 if it is differentiable at all points of U and
is a continuous map on U × E. Inductively we say that f is of class C n if df is a map of class C n−1 and of class C ∞ or smooth if it is of class C n for all n ≥ 1.
This definition coincides with the alternative notion of convenient smoothness [3] on Fréchet manifolds. A smooth manifold modeled on a s.c.l.c. topological vector space E is a Hausdorff topological space M with an atlas of local charts {(U i , φ i )} such that the transition functions are smooth on overlaps U i ∩ U j . A Lie group G is a smooth manifold endowed with a group structure such that the operations of multiplication and inversion are smooth. The Lie algebra g is defined as the space of left-invariant vector fields. A vector
By definition X is completely determined by its value at the identity and g is therefore identified with T 1 G as topological vector spaces, endowed with the continuous Lie bracket of vector fields. The most striking feature of infinite-dimensional Lie theory is that results on existence and uniqueness of ordinary differential equations and the implicit function theorem do not hold beyond Banach Lie groups. Therefore a priori there is no exponential map and even if it exists, it does not have to be locally bijective. The existence and smoothness of the exponential function hinges on the notion of regularity.
and the evolution map
is smooth.
In other words every smooth curve in the Lie algebra should arise, in a smooth way, as the left logarithmic derivative of a smooth curve in the Lie group. Note that regularity is a sharper condition than the requirement that the exponential map should be defined and smooth. Indeed if γ(t) is the curve corresponding to the constant path X(t) = X 0 for some X 0 ∈ g, then γ(1) = exp(X 0 ). All known Lie groups modeled on s.c.l.c. topological vector spaces are regular [8] . In the convenient setting for calculus, it has been shown [4] that all connected regular abelian Lie groups are of the form a/Γ, for some discrete subgroup Γ ⊆ a of an abelian Lie algebra a. Moreover, parallel transport exists for connections on principal bundles with regular structure group [2] . Important examples of regular Lie groups include gauge groups C ∞ (M, G) and diffeomorphism groups Diff(M ), where M is a smooth compact manifold and G is a finite-dimensional Lie group. From this point on we assume that the Lie groups are regular unless stated otherwise.
We digress to say a few words about the cohomology of Lie groups and Lie algebras.
2.1. Lie group cohomology. Let G be a Lie group. An abelian Lie group A is called a smooth G-module if there is a smooth G-action on A by automorphisms G×A → A, (g, a) → g.a. The set of smooth maps f :
. . , g n ) = 0 whenever g j = 1 for some j, are called n-cochains and form an abelian group C n (G, A) under pointwise addition.
A cochain complex
is generated by the nilpotent homomorphisms δ n :
Let Z n (G, A) = ker δ n and B n (G, A) = im δ n−1 denote the subgroups of n-cocycles and n-coboundaries respectively. The n-th Lie cohomology group is given by
.
2.2.
Lie algebra cohomology. Let g and a be topological Lie algebras. Then a is a
the vector space of continuous alternating multilinear maps ω :
is obtained by the nilpotent linear maps d n :
the subspaces of n-cocycles and n-coboundaries respectively. The n-th Lie cohomology group is the quotient space
In the context of Lie group and Lie algebra extensions, the second cohomology group H 2 is important in classifying topologically trivial abelian extensions as we will see. For n ≥ 2 there is a derivation map D n :
where γ 1 (t 1 ), . . . , γ n (t n ) is any set of smooth curves in G satisfying γ i (0) = 1 and γ
Abelian extensions
Definition. An extension of Lie groups is a short exact sequence with smooth homomor-
such that p admits a smooth local section s : U → G, p • s = id U , where U ⊂ G is a local identity neighborhood.
The existence of a smooth local section means that G is a principal A-bundle over G. The extension is called abelian if A is abelian and central if i(A) lies in the center Z( G). Two extensions G 1 and G 2 are equivalent if there exists a smooth homomorphism φ : G 1 → G 2 which makes the following diagram commute:
Definition. An extension of topological Lie algebras is a short exact sequence with continuous homomorphisms
Two extensionsĝ 1 andĝ 2 are said to be equivalent if there is an isomorphism of topological Lie algebras φ :ĝ 1 →ĝ 2 such that the following diagram commutes:
Next we show how abelian extensions can be constructed explicitly. We have to make an assumption however. Viewed as a principal bundle, G is assumed to be topologically trivial.
Proposition. Let G be a Lie group, A a smooth G-module and f ∈ Z 2 (G, A) a 2-cocycle.
The smooth manifold G × A endowed with the multiplication
Associativity of the group law follows by the 2-cocycle property. The unit element is (1, 0) and (g, a)
The extension is topologically trivial g) ) defines a smooth global section. Moreover, the conjugation action of G on A coincides with the smooth G-action. There is a similar cocycle construction for Lie algebras.
Proposition. Let g be a topological Lie algebra, a a continuous g-module and ω ∈ Z 2 (g, a)
a 2-cocycle. The topological vector space g ⊕ a endowed with the continuous Lie bracket
defines a topologically split abelian extensionĝ = g ⊕ ω a of g by a. A continuous global section is given by s : g →ĝ, X → (X, 0).
It turns out that all topologically trivial abelian extensions, where the conjugation action of G on A induces the smooth G-action, arise in this way. Furthermore, two such extensions are equivalent if and only if the 2-cocycles differ by a 2-coboundary [9] . The second cohomology group H 2 therefore parametrize the set of equivalence classes of these extensions.
The Lie algebra of G = G × f A is as one would expectĝ = g ⊕ D2f a.
Integrability Criterion
In this section we elucidate when an abelian extension of Lie algebrasĝ = g ⊕ ω a corresponds to a Lie group extension G. If ω = D 2 f for some f ∈ Z 2 (G, A), then by the previous section the corresponding Lie group extension is G = G × f A. In the general case, ω must satisfy a certain condition that will become apparent by the following construction. The basic idea is to construct G as the quotient of a larger group PG × γ A. This means that in general the extension will be topologically twisted and therefore the group multiplication cannot be described by a smooth global 2-cocycle.
Let G be the connected Lie group of g and A a smooth G-module of the form a/Γ for some discrete subgroup Γ ⊆ a. We write e : a → A for the exponential (quotient) map and employ multiplicative notation. The Lie algebra cocycle ω ∈ Z 2 (g, a) defines a closed G-equivariant
For central extensions, the G-action on A is trivial and this is simply the associated left- We can now proceed to construct the Lie group extensionĜ corresponding toĝ = g ⊕ ω a
by defining a multiplication on PG × A/ ∼
whereĝ.a :=ĝ(1).a = g.a is the given G-action on A and γ : PG × PG → a is a smooth 2-cocycle. The latter must be defined in such a way that it yields the correct Lie algebra cocycle ω and is compatible with the equivalence relation. This is accomplished by choosing
is the smooth singular 2-chain with vertices in 1, g 1 and g 1 g 2 and bounded by the pathsĝ 1 ,ĝ 2 and g 1ĝ2 . The 2-cocycle identity
is satisfied by (1) since the regions of integration form a smooth 2-cycle, see Figure 1 . The face not joining to 1 is the left translation by g 1 of the domain of integration
where we have used the G-equivariance of ω eq . Thus, we conclude that the multiplication is associative. To see that it is well-defined, i.e. independent of the representatives, a straightforward calculation leads to
Again the regions of integration form closed 2-dimensional surfaces in G, depicted in Figure   2 . The label on each face refers to the corresponding term in the expressions above, numbered from left to right. Next let us calculate the Lie algebra cocycle. We use the equivariance property to evaluate ω eq only at the identity
Near the identity in PG we can writeĝ 1 (t) = exp(τ X(t)) andĝ 2 (s) = exp(σY (s)) for X, Y ∈ Pg, where exp is defined pointwise by the exponential map of G. The Lie algebra cocycle is given by
where we have used the antisymmetry of ω eq and the fact that ω eq ( If π 1 (G) ֒→G ։ G denotes the universal covering, then the same construction forG gives
is discrete and acts trivially on A. Finally we have A = ker
To see that condition (1) is not only necessary but sufficient, let A ֒→ G ։ G be a Lie group extension corresponding toĝ = g ⊕ ω a. We claim that ω eq is the curvature form of a connection on this principal bundle. Indeed, if pr : g ⊕ ω a → a denotes the projection onto the ideal a, then there is a canonical connection 1-form on G given by We are interested in the pullback of the curvature 2-form onto the base space. Let U ⊂ G be an identity neighborhood and define a smooth local section s : U → G by g → (g, 0).
Evaluating the pullback on X, Y ∈ g at the identity, we get precisely When G is simply connected, then A = A and by Hurewicz theorem π 2 (G) = H 2 (G), so the condition coincides with that found in [9] .
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